The geometry of antisymmetric fields with nontrivial transitions over a base manifold is described in terms of exact sequences of cohomology groups. This formulation leads naturally to the appereance of nontrivial topological charges associated to the periods of the curvature of the antisymmetric fields. The relation between the partition functions of dual theories is carefully studied under the most general assumptions, and new topological factors related to zero modes and the Ray Singer torsion are found Antisymmetric fields with nontrivial topological charges play a relevant role in the dynamics of p-branes and Dirichlet brane theories, and more generally in the dynamics of M-theory.Yet a few is known about the geometrical aspects related to them. Most of the analysis in the literature has been performed in terms of the associated curvatures. However, the corresponding quantum field theory requires a formulation in terms of antisymmetric fields with non trivial transitions over the base manifold, in the same way as quantum electrodynamics needs a description in terms of 1-form connections while their classical field equations may be expressed in terms of the curvature only.
Antisymmetric fields with nontrivial topological charges play a relevant role in the dynamics of p-branes and Dirichlet brane theories, and more generally in the dynamics of M-theory.Yet a few is known about the geometrical aspects related to them. Most of the analysis in the literature has been performed in terms of the associated curvatures. However, the corresponding quantum field theory requires a formulation in terms of antisymmetric fields with non trivial transitions over the base manifold, in the same way as quantum electrodynamics needs a description in terms of 1-form connections while their classical field equations may be expressed in terms of the curvature only.
For line bundles with connections a theory exists [1] for a globally defined closed 2-form Ω on a manifold that may be summarized as follows: Ω is the curvature of a connection over some line bundle if and only if its cohomology class divided by 2πi is integral. A generalization of this theory to 3-forms has been developed in [2] . Also, some more recent work in [3] . Brylinski's approach in [2] is in terms of characteristic classes of gerbes. Gerbes are fiber bundles whose fibers are grupoids. Its generalization to 4-forms may be obtained [4] but there is not a general approach for p-forms. Even when a geometrical structure for p-forms equivalent to gerbes is not known, a description in terms of local p-forms over a manifold, with transitions satisfying higher order cocycle conditions may be implemented rigourously. In quantum field theories, the latter is sufficient for the construction of models of antisymmetric tensor field theories with a complete topological description in terms of exact sequences of cohomological groups.
In the current literature, antisymmetric tensors fields are described in terms of global (p − 1)-forms defined over a manifold X, i.e forms with trivial transition functions. However, to describe antisymmetric fields in the most general way, we have to take into account fields with nontrivial transitions over the base manifold with their "curvature" being a globally defined pform. These field configurations are the ones responsible for the appearence of topological charges.This latter point is essential in the description of pbranes and D-branes from a quantum field theory point of view.
The construction of the above mentioned topological structure in terms of antisymmetric tensor fields and their transitions satisfying cocycle conditions of higher order was considered in [5] , see also [6] . In this paper we continue along these lines and present some new results concerning the topological factors appearing in the partition function of the action describing a (p − 1)-form with nontrivial transitions over the base manifold. Explicit examples of antisymmetric fields with nontrivial transitions over S 2 were presented in [7] The solutions presented lead to the Dirac monopole solutions over S 2 . These results are particular cases of the known isomorphisms ofČech cohomology groupsȞ
the left hand side being the Chern characteristic classes classifying the Dirac monopoles over S 2 . To begin the discussion, we will briefly review the field theory formulation of 1-form connections with nontrivial transitions (nontrivial line bundles) and then consider the generalization to antisymmetric fields.
The isomorphism classes of line bundles with connections may be represented by equivalence classes of doublets (A, g) where A is a 1-form connection over the base manifold X and g are the transition functions with values in C * -the nonzero complex numbers-. X is assumed to be an euclidean, orientable d dimensional compact manifold without boundary. To describe the transition functions, an open covering {U i , i ∈ I} of X is given. All the results expressed in terms of cohomology classes are, of course, independent of the covering used. Without loosing generality, it may be assumed that all the open sets U i of the covering are contractible to a point. For any U i , one has a local 1-form A i , and on the intersections
where g ij are the transition functions on U i ∩ U j . The transition functions are required to satisfy the 2 cocycle condition on the intersection of any three open sets (
in terms of g ij = e iΛ ij this condition becomes
Two doublets are equivalent (gauge equivalent in physical language)
if and and only if, for any U i there is a map
such that
and on
In terms of h i = e iΛ i and g ij = e iΛ ij the gauge transformations (6)(7) are usually written as:
The cocycle condition (2) is expressed in terms of the coboundary operator δ introduced byČech to define theČech complexes and the correspondingČech cohomology groups [8] . We should remark that between theČech cohomology groups (denoted byȞ p (X, )) the groupsȞ p (X, ℜ) with coefficients on the constant sheaf ℜ (real) are isomorphic to the de Rham cohomology groups
There is also the following isomorphism betweenČech cohomology groups:
where C * X is the sheaf of smooth functions over X with values on C * and Z is the sheaf with values on the integers.Ȟ 1 (X, C * X ) may be identified with the group of topological line bundles over X, whileȞ 2 (X, Z) is thě Cech cohomology group associated to the characteristic Chern classes of line bundles.
The group of isomorphism classes of bundles with connection may be identified with the degree 1Čech hypercohomology groupȞ
where A 1 X,C is the sheaf with values on the complex 1-forms over X.
where
is the smooth Deligne cohomology group of degree 2. The relation between (11) and (13) is shown in the following exact sequence of cohomology groups,
where A 1 X is the group of 1-forms over X and A 1 X,0 is the group of closed 1-forms with integral periods. This exact sequence shows that if we take a line bundle with 1-form connection A, adding to A an element θ of
we obtain another line bundle with connection which is mapped to the same element ofȞ 2 (X, Z (2)) i.e. the line bundle with connection A and the one with connection A + θ are of course on the same Chern class. Conversely, given a line bundle with two 1-form connections on it, they differ by an element of
The other relevant sequence which in particular contains Weil's theorem [1] referred to before is:
here A p X,closed is the group of closed p-forms over X , and C * stands for the constant sheaf with values on the nonzero complex numbers. This sequence tells us that to each topological line bundle there is an associated closed 2-form with integer periods and conversely: given a closed 2-form with integer periods there exists a line bundle and a connection on it whose curvature is the given 2 form. Moreover the sequence (15) tells us thatȞ 2 (X, K) is an extension of the group of closed 2-forms with integer periods by the group H 1 (X, C * ), the latest being the group of line bundles with constant transition functions. Over any such line bundle there exists a flat 1-form connection , so the groupȞ 1 (X, C * ) also classifies the flat 1-form connections over X modulo A 1 X,closed /A 1 X,0 . In [5] a generalization of all this construction to higher order p-forms was considered, the interesting point is that it makes use of the generalization of (12), (13), (14) and (15), which are well stablished from a mathematical point of view. In the latter part of this paper, we will discuss some new topological contributions from this geometrical structure to the partition function of antisymmetric tensor fields.
We will now propose a generalization of the above results for the set of triplets (B, η, Λ) . B is a local 2-form, η a local1-form and Λ the transition functions for the 1-forms. The generalization to p-plets goes along the same lines. On a covering {U i , i ∈ I} of X we have 2-forms B i on U i which on
η ij being 1-forms defined on U i ∩ U j , which on the intersection of three open sets i.e. when
while on
(16), (17) and (18) define a triplet (B, η, Λ) on a covering of X (compare with (1), (2)). Two triplets (B, η, Λ) and (B,η,Λ) are equivalent when they satisfyB
rules (19), (20) and (21) define the gauge transformations on the space of triplets and clearly generalize (8)-(9). With the above definitions the equivalence classes of triplets are independent of the covering. These definitions lead to appropiate generalizations of the sequences given in (11), (12), (13), (14) and (15). Indeed, one may show that the isomorphismȞ 1 (X, C * X ) ∼ =Ȟ 2 (X, Z) generalizes to the following isomorphism between cohomology groupš
is theČech cohomology group of degree 2 identified with the transitions Λ satisfying the 3-cocycle condition (18),Ȟ 3 (X, Z) is related but not isomorphic to the 3-forms with integer periods as we will discuss shortly, and in fact it generalizes the Chern classes of doublets to triplets.
The equivalence classes of triplets may be identified with theČech hypercohomology of the complex
which will be denotedȞ 2 (X, K 2 ). It turns out thatȞ 2 (X, K 2 ) is canonically isomorphic to
is the smooth Deligne cohomology of degree 3. The generalization of (14) is the exact sequence
while the generalization of (15) is the exact sequence
Notice that to each triplet (B, η, Λ) there is an associated closed 3-form belonging to A 3 X,closed (the 'curvature' of B) which is then mapped to the identity element of the groupȞ 3 (X, C * ). Now we have also the complex of constant sheafs
and the corresponding large exact sequence of cohomology groups
which shows that the identity element ofȞ 3 (X, C * ) corresponds to the image ofȞ 3 (X, Z) ontoȞ 3 (X, C * ) and hence, the curvature of B has integral periods. Conversely, given a closed 3-form with integral periods the fact that the map fromȞ 2 (X, K 2 ) onto A 3 X,closed in (26) is surjective, implies that there exists an equivalence class of triplets for which the 3-form is the 'curvature' of the antisymmetric field B. The correspondence between the groups of 3-forms L with integral periods and equivalence classes of triplets is not one to one. In fact,Ȟ 2 (X, K 2 ) is an extension of the group A 3 X,0 (closed 3-forms with integer periods) by the groupȞ 2 (X, C * ) the degree 2Čech cohomology with coefficients in the constant sheaf C * . As we stated before, all these results for 3-plets may be straightforwardly generalized to equivalent classes of p-plets. In particular, the generalization of (26) given by the following exact sequence
yields the exact relation between the group of closed (p + 1)-forms with integral periods and the equivalence classes of (p + 1)-plets.
We will now use all these relations on the evaluation of the partition function of the following action
describing a local antisymmetric tensor field B (local p-form) which satisfies the transitions of a p-form in an equivalence class of (p + 1)-plets. The partition function of this system (Z(p, g)) is defined by summing e
on all the equivalence classes of (p + 1)-plets.
We notice that from the exact sequence (26) the curvature H ≡ dB must satisfy the following conditions dH = 0 (31)
where Σ I P is a basis of the integer homology of dimension p over X. In order to study the partition function of S(B) we now introduce the following master action
where L is a globally defined (p + 1)-form and V a local (d − p − 2)-form with transition given by the equivalence class of (d − p − 1)-plets. From the sequence (29), it may be realized that the volume of the zero mode space associated to this action is
is the group of closed (d − p − 2)-forms modulo closed (d − p − 2)-forms with integer periods, this volume factorizes out from the partition function and, consequently, a summation of the non zero modes still remains.
The gauge group G V of S(L, V ) comes only from the local V form. The functional integral on V is on the equivalence classes of (d − p − 1)-plets, and hence if we integrate on all (d − p − 1)-plets we must divide by the volume of G V which is defined by the generalization of (19),( 20) and (21).
Using (25) the integration on the classes of (d − p − 1)-plets may be performed in two steps, first one integrates on the group A
are globally defined forms the integration on the first step reduces to the standard one used in QFT. The second step consists on a generalization of the summation over topological line bundles in the case of 1-form connection. The previous factorization of V ol(
) reduces to a sum over the integer periods of dV i.e one first fixes a period and sums over all (d − p − 2)-forms, and then sums over all periods.
We will now show that the summation technology just described leads to a duality relation between Z(p, g) and
containing non trivial topological factors.
Functional integration of the action (33) on L yields
with
where b p+1 denotes the dimension of the space of (p + 1)-forms. In the same way, to integrate the action (33) on V , one must first construct the BRST invariant effective action in terms of the ghosts, antighosts and Lagrange multipliers associated to the gauge freedom of V .To do so, we will consider the following action
containing a globally defined p-form ρ, the global character of ρ will guarantee that this action is quantum mechanically equivalent to the master action (33). The gauge symmetries of S(L, V, ρ) are
where θ and Λ are are globally defined forms of degrees (d − p − 3) and p respectively. To show the quantum equivalence of (37) and (33) one may consider the gauge fixing condition:
which reduces (37) to (33), and notice that the factor coming from the functional integral over ρ and its associated ghost, antighosts and Lagrange multipliers is 1.
We will now use (37) to show the duality mentioned above. We begin by imposing the following reducible gauge fixing condition on
together with the ghost-for-ghost sequence. At this point it is interesting to remark that all the gauge fixing and Fadeev Popov terms are exactly the same ones used for a topological "B ∧ F (A)" theory since the symmetries for L are the same as those of the B field while the symmetries for V are the same as the ones of the A field. The evaluation of the partition function for the BF theory [9] was performed by considering a Gaussian integration on the set of all fields. However it may also be done by integrating first on all the ghost for ghost, antighost and Lagrange multipliers together with the V field while taking care of extracting the zero mode sector of all these fields. By so doing, one is left in the case of the action (37) with an integration only on the L and ρ fields, together with a factor
and the contribution of the determinants of the laplacians of 0-, 1-, etc. forms which combine to give a function of the Ray Singer torsion [10] . In the case p = 2, d = 5 for example, we obtain
where T (5) is the Ray Singer torsion of the 5 dimensional base manifold X. In the general case for a (p + 1)-form L on a base maniofold of dimension d we obtain
In (40),ZM denote the zero mode subspace of the corresponding field space. There are two contributions, one from the zero modes of V given by (34) and the other from A . The zero mode space for A is
the functional integration in (40) is over the local p-forms with transitions given by a p-plet (Â, . . . , Λ). TheÂ field must additionally satisfy the gauge choice (39), that is, dÂ is a harmonic (p + 1)-form. Functional integration on L yields the following term in the action
now any closed (p + 1)-form decomposes into its harmonic and exact parts. Hence one may replace the term (dÂ + ρ) by dB dB = dÂ + dρ
where dB is a closed (p + 1)-form. We end up with the formula
(47) must be equal to (36) since both were deduced from the partition function of the master action (33). We then have the relation
Some words are worth adding about this last formula, the topological factor T (d) is a property of the base manifold, its value is 1 for even d and = 1 for odd dimensions which explains why it has not been pointed out before in the physics literature. The zero mode space contains the generically nontrivial cohomology groupȞ(X, ℜ/Z) with values on the constant sheaf ℜ/Z. The factor g b p+1 has been derived in different ways in the literature [11] . It is interesting to notice that the Ray Singer factor together with the ZM factors dissapear for
since p is an integer d is always even, and moreover,
is the same relation which ensures that the coupling constant has no dimensions. In general, however, the topological factors give nontrivial contributions. Besides the evaluation of the topological factors which appear in (48), the important point is that we have given a precise definition of the space of local p-forms with nontrivial transitions over X which enter into the definition of the partition function. Moreover, we have related it to the topological aspects contained in the exact sequence of cohomology groups (26). In particular we have identified them with the cohomology classes ofȞ p (X, K P ).
